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Introduction
Consider a relative group presentation P = G, x | r . Thus, G is a group, x is a set disjoint from G, and r is a set of words in the free product G * F , where F denotes the free group with basis x. The group defined by P is the quotient G(P) = (G * F )/R where R is the normal closure of r in G * F .
Relative presentations and the groups they define have long been studied in connection with equations over groups (e.g. [30] , [34, Theorem 3] , [57, Section 6.2] , [61] ), where the objective is to determine conditions on P under which the natural homomorphism G → G(P) is injective, so that G can be viewed as a subgroup of G(P). When the relative presentation P is aspherical, in a suitable sense, the cohomology and finite subgroups of G(P) can be completely described in terms of those of G. In Section 2 we describe asphericity concepts in algebraic topological terms. Methods from combinatorial geometry for proving asphericity are the focus in Section 3. In Section 4 we survey asphericity classifications that have been obtained for one-relator relative presentations where the relator has free product length four.
Asphericity concepts
We refer the reader to [16] , [17] , [36] , [69] for general aspects of algebraic topology and the cohomology of groups. A topological space X is aspherical if each spherical map S k → X, k ≥ 2, is homotopic to a constant map. A connected CW complex K is aspherical if and only if its universal covering complex K is acyclic, in which case K is actually contractible. The homotopy type of an aspherical CW complex K is uniquely determined by its fundamental group and if π 1 K ∼ = G then K is called an Eilenberg-Mac Lane complex of type K(G, 1) and all homotopy invariants of the complex K are algebraic invariants of the group G. In particular, the augmented cellular chain complex C * ( K) → Z provides a resolution of the trivial module Z by free ZG-modules, which in turn determines the homology and cohomology groups of G.
Asphericity concepts for ordinary group presentations are well established [21] , [56] , [64] . For example, the Lyndon Identity Theorem [55] implies that each onerelator presentation for a group G is combinatorially aspherical, which means that a K(G, 1) can be constructed as in [24] .
Asphericity in terms of the cellular model
In his work on equations over locally indicable groups, Howie [38] employed topological methods involving a relative two-complex (L, K) associated to a relative presentation P = G, x | r . Here, we take K to be a K(G, 1)-complex. The complex L is then obtained by attaching two-cells to the one-point union K ∨ x S 1 x via cellular loopsφ r : S 1 → K ∨ x S 1 x that realize the homotopy classes [φ r ] ≡ r ∈ G * F ∼ = π 1 (K ∨ x S 1 x ):
The relative two-complex (L, K(G, 1)) is the cellular model of P. Because K = K(G, 1) is chosen to be aspherical, the homotopy types of L and of the pair (L, K) are both uniquely determined by the relative presentation P. We denote L by L(P).
We are interested in the situation where L(P) is aspherical and so is a K(G(P), 1). The following technical lemma will be used repeatedly. Proof Let p : Y → Y be the universal covering projection. Since π 1 X → π 1 Y is injective, each component of the pre-image p −1 (X) is a copy of the universal covering complex X and so H k (p −1 (X)) is a direct sum of copies of H k X. Since π 2 Y ∼ = π 2 Y ∼ = H 2 Y and the complement Y − X has no cells in dimensions three and up, the result follows by considering the long exact homology sequence for the pair ( Y , p −1 (X)).
The term 'aspherical' has been applied to relative group presentations in a variety of ways. The most general of these is given in Definition 2.2 below. This concept appeared implicitly in [12, Theorem 4 .1] and explicitly as a defined concept in [14] ; it is expressed in terms of the second relative homotopy group π 2 (L(P), K(G, 1)) of the cellular model. This formulation is broad enough to accommodate previous incarnations of the term 'aspherical', but is also specific enough to activate the principal group-theoretic and topological consequences of asphericity such as those described in Theorem 2.4 and Theorem 2.19, below. In addition to the intrinsic value of a flexible definition of a basic concept, this definition of asphericity clearly delineates the concept of non-asphericity in an algebraic way. This is reflected in recent and ongoing work, such as [10] , [14] , [15] , [45] , [58] , in which, when studying certain families of relative presentations, interesting groups and presentations are uncovered in the non-aspherical realm. [14] ) A relative presentation P = G, x | r is aspherical if the second relative homotopy group π 2 (L(P), K(G, 1)) is trivial. Lemma 2.3 A relative presentation P = G, x | r is aspherical if and only if the natural homomorphism G → G(P) is injective and L(P) is a K(G(P), 1)-complex.
Definition 2.2 (See [12, Section 4],
Proof Letting (L, K) = (L(P), K(G, 1)), the natural homomorphism G → G(P) is identified with the inclusion-induced homomorphism π 1 K → π 1 L, which in turn appears in the long exact sequence for the pair (L, K):
This shows that if π 2 (L, K) = 0 then G → G(P) is injective and π 2 L = 0, so that L is aspherical by Lemma 2.1. The converse statement follows immediately from the long exact sequence.
If P = G, x | r is aspherical, then not only is the natural homomorphism G → G(P) injective, so that we can view G as a subgroup of G(P), but G plays a determining role in the subgroup and homological structure of G(P). More precisely we have the following. [12] ) Let P = G, x | r be an aspherical relative presentation.
Theorem 2.4 (Compare
(a) If Γ is a subgroup of G(P) such that Γ ∩ G = 1, then Γ has geometric dimension at most two.
(b) For n ≥ 3, the embedding G → G(P) determines natural equivalences of functors defined on the category of ZG(P)-modules:
(c) ( [46, Section 3], attributed to Serre; see also [29] and [44, Theorem 5]) Every finite subgroup of G(P) is conjugate to a subgroup of G.
Moveover if w ∈ G(P) and the intersection G∩ wGw −1 contains a non-trivial element of finite order, then w ∈ G.
a disjoint union of copies of the contractible universal covering complex K(G, 1).
Since the inclusion of p −1 (K) in L is a cofibration, the quotient map q : L → X that collapses each component of p −1 (K) to a zero-cell is a homotopy equivalence, so X is an aspherical two-complex with fundamental group Γ. To prove (b), denote the simply connected covering complexes by L and K. Since G embeds in
Similar calculations involving Hom lead to cohomology isomorphisms as in (b). The statement (c) is a direct consequence of (b) as discussed in the cited references.
Remark 2.5 If G is trivial and K = K(G, 1) is a point, then P = G, x | r is an ordinary group presentation with cellular model L and asphericity of P is equivalent to (topological) asphericity of L (see e.g. [69] ). The conclusions of Theorem 2.4 are relativized versions of standard facts about aspherical two-complexes. In particular, the fundamental group of an aspherical two-complex is torsion-free and has geometric and cohomological dimension at most two.
The asphericity status of a relative presentation P = G, x | r is unaffected if any relator r ∈ r is replaced by a conjugate wr ǫ w −1 where ǫ = ±1 and w ∈ G * F because the homotopy type of the cellular model is unaffected by such a change. Thus one can assume that the relators of P are cyclically reduced. However, asphericity does impose some combinatorial restrictions on the relator set r ⊆ G * F . Lemma 2.6 Let P = G, x | r be an aspherical relative presentation.
(a) No relator r ∈ r is conjugate in G * F to an element of G.
(b) If r, s ∈ r and s is conjugate to r ǫ in G * F , then r = s and ǫ = 1.
(c) If r ∈ r, then r is not expressible as a proper power in G * F : if r =r e in G * F , then e = ±1.
Since π 2 L = 0, the long exact sequence for the pair (L, K 1 ) shows that the homotopy boundary
To prove (a), just suppose that r = wgw −1 ∈ r where g ∈ G and w ∈ G * F . Using the homotopy action of
This implies that ǫ = 1 and r = s in r.
For (c), suppose that r =r e ∈ r ⊆ G * F . We show that e = ±1. The element
which we then compose with the Hurewicz homomorphism h
). In this way, the elements [ϕ r ] pass to a free ZG(P)-basis for the equivariant cellular chain group
is in the kernel of the homotopy boundary ∂. Again, the fact that
Definition 2.7 (Orientability [12] ) A relative presentation P = G, x | r is orientable if it satisfies the relator conditions in Lemma 2.6(a) and (b).
Thus every aspherical relative presentation is orientable. The term 'orientable' is used because it implies that no relator is a cyclic permutation of its inverse; in particular, no relator can be written in the form r = wg 1 w −1 g 2 where w ∈ G * F and g 1 , g 2 ∈ G both have order two. See [12, Section 1.1]. Note that orientability does not exclude the presence of proper power relators. See Remark 3.3(c).
Remark 2.8 (Proper powers)
In the presence of proper power relators r = r e(r) ∈ r ⊆ G * F , where e(r) is the (maximal) exponent for r, an expanded cellular model M (P) is obtained from the one-point union K(G, 1) ∨ x S 1 x by attaching a copy of a K(Z e(r) , 1)-complex in place of the two-cell c 2 r so that
The construction is described in detail in [12, Section 4] and is based upon one that was introduced by Dyer and Vasquez [24] . In [12, Theorem 4.3] it was shown that if π 2 (M (P), K(G, 1)) is trivial, then M (P) is a K(G(P), 1)-complex and that the rootr of each relator generates a cyclic subgroup r of order e(r) in G(P). (See [46, Proposition 1] or [12, page 36] .) Cohomology calculations and classifications of finite subgroups follow as in Theorem 2.4(b),(c), see [12, (0. 3),(0.4)] for details. The property π 2 (M (P), K(G, 1)) = 0 for the relative presentation P is analogous to the concept of combinatorial asphericity for ordinary presentations [21] . The long exact homotopy sequence for the
) is trivial by the Cellular Approximation Theorem [36, Theorem 4.8] . In this survey we focus on the stronger condition π 2 (L(P), K(G, 1)) = 0 of Definition 2.2 in order to simplify the narrative and to emphasize relativization of topological asphericity for two-complexes, as in Theorem 2.4(a).
Weak asphericity
An alternative (weaker) asphericity concept that is not tied directly to the π 1 -embedding question was introduced in [6] and studied further in [23] , [2] , [50] , [51] . For the cellular model (L, K) = (L(P), K(G, 1)) of a relative presentation P = G, x | r , we can assume that the two-skeleton K 2 is modeled on a presentation Q for G so that the two-skeleton L 2 is modeled on a lifted ordinary presentation P for G(P) [12, Section 1.6]. The second homotopy modules π 2 K 2 , π 2 L 2 have sometimes been denoted by π 2 Q, π 2 P (e.g. [13] ). Definition 2.9 (See [6] , [23] ) The relative group presentation P is weakly aspherical if the second homotopy module π 2 L 2 = π 2 P is generated as a ZG(P)-module by the image of the inclusion-induced homomorphism
We note that the term 'weakly aspherical' was used with a related but slightly different meaning in [12] -see Remark 3.3(a). (b) If P is aspherical, then P is weakly aspherical.
(c) L(P) is a K(G(P), 1)-complex if and only if P is weakly aspherical and
(d) If G embeds in G(P), then P is weakly aspherical if and only if P is aspherical.
Proof Letting (L, K) = (L(P), K(G, 1)), the statement (a) follows from a diagram chase in the following ladder of long exact homotopy sequences. 
; the statements (c) and (d) follow at once.
Remark 2.11
The proofs of Lemma 2.6(b),(c) used only the fact that π 2 L(P) = 0, so those results also apply to weakly aspherical relative presentations by Lemma 2.10(a). However, Lemma 2.6(a) does not hold for all weakly aspherical presentations. For example, if G = g ∼ = Z, then the relative presentation P = G, ∅ | g is weakly aspherical because L(P) is a disc. However P is nonaspherical because the natural homomorphism G → G(P) is not injective. Thus, asphericity and weak asphericity are distinct concepts.
The next example also distinguishes asphericity from weak asphericity.
Example 2.12 (Weakly aspherical but non-aspherical.) Let G = g ∼ = Z and let P = G,
Here G(P) is the trivial group and L(P) is a contractible two-complex. So P is weakly aspherical by Lemma 2.10(a). Since G → G(P) is not injective, P is non-aspherical by Lemma 2.3.
Remark 2.13
An open question from the 1950's asks if there is a one-relator relative presentation P = G, x | x e 1 g 1 . . . x e l g l with G(P) = 1 and G = 1. This question has been attributed to Kervaire and to Laudenbach, see [56, Chapter I.6] and [57, page 403] . Freedman [30] noted that in any such example the exponent sum l i=1 e i is equal to ±1 and that the group G is perfect and has no proper (normal) subgroups of finite index (by a result of Gerstenhaber and Rothaus [34] ). Klyachko proved that the group G must have torsion [52] and can be chosen to be simple [53] . Arguing as in Lemma 2.10(c), if we further assume that L(P) is contractible, then G is acyclic.
Preliminary reductions
If the natural homomorphism G → G(P) is injective, then the long exact homotopy sequence for the pair (
means that elements of the relative homotopy group are represented by spherical maps S 2 → L. The implicit involvement of both π 1 and π 2 in Definition 2.2 (i.e. Lemma 2.3) also means that we can reduce to the case where the coefficient group is generated by the occurrences of coefficients in the relative relators.
Lemma 2.14 Given a relative presentation P = G, x | r , if H is any subgroup of G for which the set of relators r ⊆ G * F is contained in the free product H * F , then P is aspherical if and only if P 0 = H, x | r is aspherical.
Proof Since H ≤ G, we can construct a K(G, 1)-complex K that contains a K(H, 1)-complex K 0 as a subcomplex and then the cellular models (L, K) and
Since the inclusion of K 0 in K induces the monomorphism H → G, it follows that if either P 0 or P is aspherical, then the natural maps H → G(P 0 ) and G → G(P) are both injective and there is an amalgamated free product decomposition G(P) = G * H G(P 0 ); see e.g. [39, page 89] . We may therefore assume that H → G(P 0 ), G → G(P), and G(P 0 ) → G(P) are all injective. Letting p : L → L be the universal covering projection, the Mayer-Vietoris sequence for the union
and so the result follows from Lemma 2.10.
For one-relator relative presentations P = G, x | r , many asphericity classifications can be reduced to case where the exponents occurring on x are relatively prime.
Lemma 2.15 Suppose that |d| ≥ 2 and consider the relative presentations P = G, x | r and V = G, y | s where r = x de 1 g 1 . . . x de ℓ g ℓ and s = y e 1 g 1 . . . y e ℓ g ℓ . Then P is aspherical if and only if V is aspherical and the element y has infinite order in G(V). 2 Proof There are homotopy equivalences
where N is the one-relator relative presentation N = G(V), x | y = x d and so we have an amalgamated free product decomposition
Thus we can assume that G embeds in both G(V) and in G(P).
Suppose first that P is aspherical. It follows from Lemmas 2.1 and 2.3 that both V and N are aspherical. Further, since |d| ≥ 2, the element x is not conjugate in G(P) ∼ = G(N ) to an element of G(V), so Theorem 2.4(c) implies that x has infinite order in G(N ) and so y has infinite order in G(V).
Conversely, if V is aspherical and y has infinite order in G(V), then we can prove that N is aspherical using the weight test [12, Theorem 2.1] (see Theorems 3.4 and 3.10 below) applied to the star graph N st of N : apply the weight −1 to the edge labeled y and apply the weight 1 to all remaining edges in the star graph. Thus,
and so P is aspherical.
In the case of balanced relative presentations (i.e. relative presentations P = G, x | r with |x| = |r|) a simple instance of asphericity occurs when G = G(P).
Lemma 2.16 Consider a balanced relative presentation
We therefore have a homotopy equivalence L ≃ L/ K = X where X is obtained by identifying p −1 (K) to a zero-cell c 0 . We show that X, and hence L, is contractible, so that L is aspherical. Note that X is simply connected and two-dimensional, so it suffices to show that H 2 X = 0.
The group of deck transformations Aut(p) ∼ = G(P) freely permutes the cells of L leaving the subcomplex p −1 (K) = K invariant. Thus G(P) acts freely and cellularly on X − c 0 and so the cellular chain complex of X consists of ZG(P)-modules
that are free of rank n = |x| = |r| in dimensions one and two and where C 0 X = Z has trivial G(P)-action. The boundary operator ∂ 1 is trivial because X has just a single zero-cell. The fact that X ≃ L is simply connected implies that the boundary operator ∂ 2 : ZG(P) n → ZG(P) n is a surjective endomorphism of the free ZG(P)-module of rank n, which therefore has a right inverse: ∂ 2 • σ = 1. A theorem of Kaplansky [49] , [60] then implies that σ • ∂ 2 = 1 and so H 2 X = ker ∂ 2 = 0.
In connection with Theorem 2.4(c), we note that non-obvious torsion can occur in the aspherical setting.
Example 2.17 (Torsion and asphericity)
The group defined by the relative presentation [14] ) is cyclic of order four and g = x in G(J ). Thus J is aspherical by Lemma 2.16, even though x is a finite order element.
In light of this example we pose the following question.
Question 2.18
If P = G, x | x e 1 g 1 · · · x e ℓ g ℓ is an aspherical one-relator relative presentation and x determines an element of finite order in G(P), does it follow that G → G(P) is an isomorphism? Note that the exponent sum ℓ i=1 e i must be equal to ±1, for otherwise the element x lies outside the normal closure of the natural image of G in G(P) so x has infinite order by Theorem 2.4(c).
Three-manifolds and zero divisors
A three-manifold group is the fundamental group of a (PL) three-manifold, which need not be compact, closed, or orientable. A result of Ratcliffe [66] concerning rational Euler characteristics for groups [70] was exploited in [45] to establish a connection between relative asphericity and the three-manifold status for the group G(P). We make this connection explicit in the following result.
Theorem 2.19 (Three-manifold criterion) Suppose that the relative presentation P = G, x | r is such that G, x, and r are finite and the natural homomorphism G → G(P) is split by a retraction ν : G(P) → G. Assume that G(P) is a virtual three-manifold group. Then: (a) If P is aspherical, then |r| ≤ |x|; and (b) If |r| = |x| (i.e. P is balanced), then P is aspherical ⇐⇒ G → G(P) is an isomorphism.
Proof Assume that P is aspherical. With notation as in the proof of Theorem 2.4(c), p : L → L is a regular covering projection with Aut(p) ∼ = G and the [70] . If G(P), and hence Γ, is a virtual three-manifold group, then [66, Theorem
Example 2.20 (Virtual three-manifold groups) (a) Let G = g | g n where n ≥ 6 is even and let
It is well known (see, for example, [48, page 196] 
is a Fibonacci group. By [37] we have that F (2, n) is an (infinite) three-manifold group, so G(P) is a virtual three-manifold group and G(P) ∼ = g | g n . Thus P is non-aspherical by Theorem 2.19.
(b) Let G = g | g n where n ≥ 6 and let P = G, x | x 2 gx −1 g . As in part (a), we have that G(P) ∼ = S(2, n) ⋊ Z n where
is a Sieradski group. By [68] , [18] we have that S(2, n) is an (infinite) three-manifold group, so again we have that P is non-aspherical.
Ivanov [47] discovered a direct connection between non-weak asphericity for a one-relator relative presentation P and the existence of zero divisors in the group ring ZG(P). The following generalization of Ivanov's result is due to Leary [54] .
Theorem 2.21 ([54])
Let P = G, x | x e 1 g 1 · · · x e ℓ g ℓ be a one-relator relative presentation. Assume that the kernel of the natural homomorphism G → G(P) is acyclic and that the exponent sum ℓ i=1 e i is nonzero. If P is non-weakly aspherical (in the sense of Definition 2.9), then the group ring ZG(P) contains a non-trivial zero divisor that is a Z-linear combination of at most
Ivanov conjectured that if G is the fundamental group of an aspherical twocomplex and the natural homomorphism G → G(P) is injective, then P is aspherical (in the sense of Definition 2.2) if and only if G(P) is torsion-free [47] . A counterexample would require a torsion-free group whose integral group ring has a non-trivial zero divisor. That no such group exists is a longstanding open conjecture that is widely attributed to Kaplansky. Kim [50] , [51] has obtained results on the asphericity of certain one-relator relative presentations with torsion-free coefficient group.
Methods from combinatorial geometry
A combinatorial geometric form of asphericity for ordinary presentations and their two-dimensional cellular models was described by Sieradski [67, Section 4], who gave a practical 'coloring test' for detecting the property. Gersten [33] termed the property diagrammatic reducibility (DR); he developed a flexible 'weight test' generalizing the coloring test and applied the DR property to the study of equations over groups. For a relative presentation P = G, x | r , any element of the kernel of the natural homomorphism G → G(P) leads to a map of pairs (B 2 , S 1 ) → (L(P), K(G, 1)). In [39, Lemma 1], Howie applied topological methods to show that any such map of pairs gives rise to a 'relative diagram' that emerges as the geometric dual to naturally occurring combinatorial structure called a 'picture'. In this section we examine combinatorial geometric conditions on pictures that are sufficient to guarantee asphericity of P in the sense of Definition 2.2.
Diagrammatic reducibility
A picture P is a finite collection of pairwise disjoint discs {D 1 , . . . , D m } in the interior of a disc D 2 , together with a finite collection of pairwise disjoint simple arcs {α 1 , . . . , α n } embedded in the closure of
transversely in its end points [12] . The discs of a picture P are also called vertices of P and for this reason v i or simply v is often used in place of D i . The boundary of P is the circle ∂D 2 , denoted by ∂P. 
An inner region of P is a simply connected region of P that does not meet ∂P. (If P is connected note that any region that does not meet the boundary is simply connected.)
The picture
α j is connected, and is spherical if it is non-trivial and if none of the arcs meets the boundary of P. The number of arcs or edges in ∂∆ is called the degree of the region ∆ and is denoted by d(∆). A region of degree k will be called a k-gonal region.
Now consider the relative presentation G, x | r and suppose that the picture P is labelled in the following sense: each arc α j is equipped with a normal orientation, indicated by a short arrow meeting the arc transversely, and labelled by an element of x ∪ x −1 . Each corner of P is oriented clockwise (relative to the disc/vertex to which the corner is associated) and labelled by an element of G. (We remark here that the convention anti-clockwise has been adopted by some authors.) If κ is a corner of a disc D i of P, then W (κ) will be the word obtained by reading in a clockwise order the labels on the arcs and corners meeting ∂D i beginning with the label on the first arc we meet as we read the clockwise corner κ. If we cross an arc labelled x in the direction of its normal orientation, we read x, else we read x −1 .
A picture over P is a picture P labelled in such a way the following are satisfied:
1. For each corner κ of P, W (κ) ∈ r * , the set of all cyclic permutations of r∪ r −1 which begin with a member of x.
2. If g 1 , . . . , g l is the sequence of corner labels encountered in an anticlockwise traversal of the boundary of an inner region ∆ of P, then the product g 1 g 2 . . . g l = 1 in G. We say that g 1 g 2 . . . g l is the label of ∆.
A dipole in a labelled picture P over P consists of corners κ and κ ′ of P together with an arc joining the two corners such that κ and κ ′ belong to the same region and such that if W (κ)= Sg where g ∈ G and S begins and ends with a member of
For example if x = {x} and r = {x 3 gx −1 h} then a dipole is given in Figure 1(a) . A picture P is called reduced if it does not contain a dipole. Thus if P fails to be diagrammatically reducible, or is non-diagrammatically reducible, then there is a non-trivial reduced, connected, spherical picture over P. A connected spherical picture P is called strictly spherical if the product of the corner labels in the annular region, taken in a clockwise direction, is equal to the identity in G.
Definition 3.2 A relative presentation P is called weakly diagrammatically reducible if every connected strictly spherical picture over P contains a dipole. Remark 3.3 (a) Our definition of (weak) diagrammatically reducibility for a relative presentation coincides with (weak) asphericity as defined in [12] . For two-complexes X, including two-dimensional cellular models of ordinary group presentations, the DR property (in the sense of [67] , [33] ) implies topological asphericity (π 2 X = 0). For relative presentations that are orientable in the sense of Definition 2.7, the relationship between diagrammatic reducibility and asphericity is a consequence of [12, Theorem 4.1]. is the expanded cellular model described in Remark 2.8, and so the natural homomorphism G → G(P) is injective.
(b) If P is diagrammatically reducible (resp. weakly diagrammatically reducible) and has no proper power relators, then P is aspherical (resp. weakly aspherical).
The orientability condition in Theorem 3.4 is necessary to ensure that dipoles represent homotopically trivial elements of π 2 (L(P), K(G, 1)). See [12, Figure 1 ] for an example of a dipole in the non-orientable setting and see [10, Example 3.5] for additional discussion. Diagrammatic reducibility and asphericity are distinct concepts for both ordinary and relative group presentations.
Example 3.5 (Aspherical but non-diagrammatically reducible) (a) If the group G = g, h | h 2 = 1, g = h 2 ∼ = Z 2 and P = G, x | x 2 gx −1 h , then the natural homomorphism G → G(P) is an isomorphism, so P is aspherical. However, a reduced spherical picture P over P is depicted in Figure 2 , so P is nondiagrammatically reducible. Cyclically reducing, we obtain P ′ = G, x | xh , which Figure 2 . Reduced spherical picture.
is obviously diagrammatically reducible. Thus diagrammatic reducibility is not robust under cyclic reduction of relators.
(b) Let G = 1 and P = G, x, y | xyx −1 y −2 , yxy −1 x −2 . Taking K = K(G, 1) to be a point, the complex L(P) is a contractible, non-collapsible two-complex, so the relative presentation P is aspherical by Lemma 2.16. On the other hand, the result [22, Theorem 2.4] of Corson and Trace implies that L(P) is not DR (in the sense of [67] , [33] ). This in turn implies that the relative presentation P is non-diagrammatically reducible in the sense of Definition 3.1.
In the next section we will discuss combinatorial geometric methods for detecting diagrammatic reducibility, as this concept is significant as a sufficient condition for asphericity of relative presentations. The next result shows that the diagrammatic reducibility concept also has independent group-theoretic and combinatorial significance.
Theorem 3.6 Let P = G, x | r be a finite orientable relative presentation with no proper power relators. Assume that P is diagrammatically reducible and that the natural homomorphism G nat → G(P) admits a left inverse in the category of groups. Then the following are equivalent:
Thus, if L(P) does not collapse to K(G, 1), then G has infinite index in G(P).
Proof Only the statement (b) ⇒ (c) requires proof. The fact that P is orientable and diagrammatically reducible means that every nonempty spherical picture over P contains a dipole. Since there are no proper power relators Theorem 3.4(b) and Lemma 2.3 imply that the cellular model
is aspherical. The fact that G nat → G(P) has a left inverse ν : G(P) → G implies that there is regular G-covering p : L → L for which the quotient map q : L → X that collapses p −1 (K(G, 1)) = K(G, 1) ≃ * to a point is a homotopy equivalence. As in [10, Theorem 2.3], this implies that the two-complex X is the cellular model of a Gsymmetric presentation for the kernel of ν. Arguing as in the proof of [35, Lemma 3.1], any spherical picture (or diagram) K for X gives rise to a relative picture L over P and the presence of a dipole in L implies that the ordinary picture K also has a dipole. Now the proper power hypothesis for P implies that no two-cell of X is attached by a proper power, so it follows that X is diagrammatically reducible (DR) in the ordinary sense, as described by Gersten [33, Definition 3.1]. In particular X is aspherical in the topological sense: π 2 X = 0. Since G(P) ∼ = π 1 X ⋊ G, there is a bijection π 1 X ≡ G(P)/G and so the hypothesis (b) implies that π 1 X is finite. The fact that π 2 X = 0 thus implies that X is simply connected and so by the result [22, Theorem 2.4] of Corson and Trace, X is a collapsible two-complex. A sequence of elementary collapses that reduces X to a point determines a sequence of elementary collapses that reduces L(P) to its subcomplex K(G, 1).
Example 3.7 (Diagrammatically reducible versus finiteness) (a) The natural homomorphism associated to the relative presentation J = g | g 4 , x | x 4 gx −3 g 2 of Example 2.17 is an isomorphism of cyclic groups of order four, so J is aspherical by Lemma 2.16. However the cellular model L(J ) does not collapse to the subcomplex K( g | g 4 , 1), so the relative presentation J is aspherical, yet it is not diagrammatically reducible, by Theorem 3.6. This means that J admits nonempty reduced spherical pictures. To our knowledge, no such pictures have yet been constructed.
(b) Theorem 3.6 implies that the diagrammatically reducible relative presentations P = G, x | x 2 gx −1 h obtained in [27] define infinite groups G(P). (More generally, it implies that if the relative presentation P = G, x | x k+1 gx −k h (k ≥ 1) is diagrammatically reducible then G(P) is infinite.) As we now describe, it follows that the (almost complete) classification of the finite cyclically presented groups H(n, m) and G n (m, k) of [35] , [72] can be obtained without the need of appealing to [62] , [73] . The groups H(n, m) = G n (m, 1) and G n (m, k) each have Z n extensions defined by relative presentations of the form P = g | g n | x 2 g m−k x −1 g k . The articles [35] , [72] use the (almost complete) classification of diagrammatically reducible relative presentations G, x | x 2 gx −1 h (see Theorem 4.16) to obtain corresponding (almost complete) classifications of the topologically aspherical cyclic presentations. Since groups defined by topologically aspherical presentations are torsion-free, it follows that the corresponding cyclically presented groups are either trivial or infinite. The articles [62] , [73] use techniques from algebraic number theory and circulant matrices to classify the perfect groups H(n, m) and G n (m, k). It transpires that, in the cases where the cyclic presentation is shown to be aspherical (which is precisely when the corresponding relative presentation P is known to be diagrammatically reducible), the group it defines is not perfect, and hence is non-trivial, and so is infinite. Theorem 3.6 allows us to sidestep the classifications of the perfect groups by concluding that in the diagrammatically reducible cases the group G(P), and hence the groups H(n, m) and G n (m, k), are infinite.
A number of 'asphericity' classifications in the literature are actually classifications of diagrammatic reducibility [12] , [27] , [43] , [3] , [4] , [1] , [28] . Some of these papers implicitly rely on [6, Lemma 3], which is stated and proved only for the concept of (weak) asphericity. As a result there is a slight gap in the literature due to the distinction between asphericity and diagrammatic reducibility. The following enhanced version of [6, Lemma 3] closes this gap.
Lemma 3.8 Let P = G, x | r be a one-relator relative presentation where the relator r is cyclically reduced in the free product G * F and is not an element of G (but may be a proper power in G * F ). If the G-coefficients occurring in r are all contained in a free subgroup of G, then P is diagrammatically reducible.
Proof Let P be a connected spherical picture over P. Since the corner labels of the picture lie in a free subgroup of G, we can assume that G is free (similar to Lemma 2.14). As in [12, Section 1.6], the picture P lifts to a picture P over an ordinary one-relator presentation P for G(P). Since the relator r ∈ G * F is cyclically reduced, the one-relator presentation P is staggered in the sense of [56, Chapter III.9]. It follows from [56, Proposition III. 9 .7] that the lifted picture P contains a dipole and moreover this dipole is supported by a pair of discs joined by an arc labeled by the generator x. (Note that [56, Chapter III.9] permits the identification of a preferred subset of generators to support the staggered structure.) This means that the dipole in P actually detects a dipole in P.
Remark 3. 9 The proof that we have given for Lemma 3.8 depends on [56, Propositions III.9.7], which is proved in [56] by an extremely complex multiple induction. An alternative approach to these results appears in [40, Section 4] , where the inductive complexities are sublimated within a conceptually transparent tower argument that ultimately rests on a structure theorem for staggered two-complexes X satisfying H 1 X = 0 [40, Lemma 3] (see also [33, Lemma 5.3] ). All of these methods, including those in [56, Chapter III.9] , imply that any staggered two-complex with no proper power relators is DR in the sense of [67] , [33] . Further innovations to the staggering concept were applied to equations over groups by Anshel [5] and subsequently adapted to asphericity questions in [9] .
We close this section with a brief discussion of combinatorial geometric methods that have been used by other authors in related contexts. The article [63] by Olshanskii includes concise historical remarks concerning geometric methods such as the van Kampen lemma, small cancellation theory, and aspherical presentations, as well as a survey of existence results in group theory obtained by the author using related geometric methods. The book [64] also develops a comprehensive treatment of geometric methods, including the formulation of a very general concept of asphericity for graded presentations. In [65, Theorem C(1)], Prishchepov adapts Olshanskii's graded concept to the setting of one-relator relative presentations in which the relator has free product length four; Prishchepov's result remains true as stated if one interprets the term 'aspherical' in the sense of Definition 2.2. We state this result in Theorem 4.20. In [20] , Chalk proves that certain cyclic presentations are 'aspherical'; his proof actually shows that these (ordinary) presentations are DR in the sense of [67] , [33] . Using [10, Theorem 4.1], these results imply that certain 
Star graph and the weight test
In this section we outline methods for showing that a given relative presentation P is diagrammatically reducible. The star graph P st of P is a graph whose vertex set is x ∪ x −1 and edge set is r * . For r ∈ r * , write r = Sg where g ∈ G and S begins and ends with a member of x ∪ x −1 . The initial and terminal functions are given as follows: ι(r) is the first symbol of S, and τ (r) is the inverse of the last symbol of S. The labelling function on the edges is defined by λ(r) = g −1 and is extended to paths in the usual way. For example let x = {x} and r = {x l gx k h}. If l > 0 and k > 0 the star graph is given by Figure 3 (a) and if l > 0 and k < 0 then the star graph is given by Figure 3(b) . A non-empty cyclically reduced cycle (closed path) in P st will be called admissible if it has trivial label in G. Each inner region of a reduced picture over P supports an admissible cycle in P st . A weight function θ is a real-valued function on the set of edges of P st that satisfies θ(Sg) = θ(S −1 g −1 ) where Sg = r ∈ r * . The weight of a closed cycle is the sum of the weights of the constituent edges. A weight function is weakly aspherical if the following conditions are satisfied:
(I) Let r ∈ r * , with r = x
(II) The weight of each admissible cycle in P st is at least 2.
A weakly aspherical weight function on P st is aspherical if each cyclically reduced closed cycle in P st has non-negative weight. [32] , [42, Theorem 2.2] ) If the star graph P st admits a (weakly) aspherical weight function, then P is (weakly) diagrammatically reducible.
Curvature distribution
Another method that can be used to show that a given relative presentation P is diagrammatically reducible is curvature distribution (see, for example, [26] ). Assume that P is a non-trivial reduced, connected, spherical picture over P. We proceed as follows. Contract ∂P to a point, which is then deleted. This way the regions ∆ of the amended picture, also called P, are simply connected and tesselate the 2-sphere. The region obtained from the annular region is called the distinguished region ∆ 0 and its label may or may not equal the identity in G; whereas the label of every other region is equal to the identity. (We remark here that when drawing it is often customary to shrink each disc/vertex of P to a point -an example is shown in Figure 1(b) . In what follows we shall simply use the term vertex.)
The next step is to define an angle function, that is, a real-valued function on the set of corners of P, with the further condition that the sum of all the angles at any given vertex is equal to 2π. This way each vertex has zero cuvature; and if ∆ is a k-gonal region then the curvature c(∆) is equal to 2π − k i=1 (π − θ i ) where the sum is taken over the corner angles θ i (1 ≤ i ≤ k) of ∆. Therefore the total curvature c(P) of P is given by c(P) = ∆∈P c(∆). Given this, it is a consequence of Euler's formula, for example, that c(P) = 4π and so P must contain regions of positive curvature.
For example, note that each corner c of P corresponds to an edge e in the star graph P st and so if θ is a weight function on P st , then one possible angle function assigns π · θ(e) to the corner c of P. LetP be the dual of P with angles induced by those of P. Then the condition (I) for the weight function θ in Section 3.2 enforces that each region ofP has non-positive curvature, while the condition (II) for θ implies that each vertex ofP has non-positive curvature since P is assumed to be reduced. This leads to a contradiction to Euler's formula (see e.g. [13, Sect. 1.1]), showing that the relative presentation P is diagrammatically reducible.
Note that by assigning angles according to a weight function on the star graph, the angles are assigned in a uniform way that is not sensitive to local configurations in the given picture P. We now describe a method, first introduced in this context in [27] , that ultimately results in a more flexible assignment of angles.
If we believe that P is diagrammatically reducible and so no reduced spherical picture P can exist, then we try to obtain a contradiction by showing that the total curvature is less than 4π. The strategy is to show that the positive curvature that may exist in P can be sufficiently compensated by negative curvature. To this end we systematically locate each ∆ = ∆ 0 satisfying c(∆) > 0 and distribute c(∆) to near regions∆ of ∆. For such regions∆ define c * (∆) to equal c(∆) plus all the positive curvature∆ receives minus all the curvature∆ distributes as a result of this distribution scheme. It is clear that c(P) is at most ∆∈P c * (∆). The final steps are to show that c * (∆) ≤ 0 for∆ = ∆ 0 ; and that c * (∆ 0 ) < 4π.
Let v be a vertex of P. A standard angle function is to assign the angle 0 to each corner of v which forms part of a region of degree two and assigns the angles 2π/d(v) to the remaining d(v) corners. Therefore if ∆ is a k-gonal region (k > 2) with vertices c(3, 3, 3, 3, 3, 3 
One relator relative presentations with length four relator
Asphericity of one-relator relative presentations has been considered in the articles [12] , [6] , [27] , [43] , [23] , [3] , [4] , [2] , [1] , [65] , [28] (1) and in [59] , [51] , [50] . Those listed at (1) contain classifications of aspherical onerelator relative presentations when the relator has free product length four; that is for relative presentations
for certain values of the parameters l > 0, k = 0 and where g, h are non-trivial elements of G. Specifically, they provide detailed asphericity studies for the relative presentations Q for the cases {l, k} = {2, 1}, {3, 1}, {4, 1}, {3, 2}, {n, 1} (n ≥ 2), {l, k} (l, k > 0), {2, −1}, {3, −1}, {n, −1} (n ≥ 4), l > 0, k < 0 and l > 2|k| or |k| > 2l. Our purpose in this section is to survey the results from these articles, bring them up to date (where appropriate) and present them under the definition of asphericity given in Definition 2.2. We express some of our results in terms of the parameter µ = 1/|g| + 1/|h| + 1/|gh −1 |.
The Platonic case
We introduce the following condition:
For many values of l, k it has been shown that, when (P ) holds, spherical pictures based on the Platonic solids can be constructed, and hence Q is nondiagrammatically reducible. Further, in some cases these have been used to prove that Q is non-weakly aspherical.
Specifically, we have the following results. Suppose that (P ) holds. If {l, k} = {2, 1}, {3, 2}, {4, 1}, {n, 1} (n ≥ 2), {2, −1}, {3, −1}, or if l > 0, k > 0 then Q is non-diagrammatically reducible by [12, -weakly aspherical by [23, Lemmas 3.15, 3.16, 3.17] . We expect that these results hold more generally and may be extended to prove non-asphericity. We therefore make the following conjecture:
Conjecture 4.1 If Case (P ) holds then Q is non-aspherical.
Euclidean curvature and short admissible closed path cases
It is convenient to introduce the (possibly overlapping) cases
where (P ) is defined in Section 4.1 and the remaining cases are defined as follows:
(Z) g = h and |g| < ∞;
(M ) g = h −1 and |g| < ∞;
In Section 3 we saw that, amongst others, the presence of relations
lead to short admissible closed paths in the star graph and so present obstacles in proving asphericity for Q. In [14] it was suggested that the Euclidean curvature condition µ = 1 may sometimes also present a barrier to asphericity. The full picture is not yet clear, but it seems that the condition (3) interacts with the condition µ = 1 to present a liminal space where some presentations Q are aspherical and others are non-aspherical. While we believe that the cases listed at (2) capture many situations where non-aspherical presentations may occur, they are not (at least for k < 0) the only ones, as we shall see in Examples 4.2 and 4.3.
The cases listed at (2) satisfy either (3) or µ ≥ 1 or both, in Case (P ) the group g, h is a quotient of a spherical triangle group and in the remaining cases it is cyclic. Specifically, Cases (P ) and (Z) satisfy µ > 1 and Cases (Z), (M ), (J 4 ), (K (2)) (a) Let G be the group G = g, h | g 2 , h 3 , (gh) 2 (g −1 h −1 ) 2 ∼ = S 3 ⊕ Z 3 and let Q = G, x | x 2 gx −1 h . Here we have (|g|, |h|, |gh −1 |) = (2, 3, 6) , and so µ = 1. Using GAP [31] we have that G(Q) is a finite, solvable, group of order 27216 = 2 4 · 3 5 · 7 and derived length 6. By Theorem 2.4(c) the presentation Q is non-aspherical.
(
Here we have (|g|, |h|, |gh −1 |) = (3, 3, 3) , and so µ = 1. We have that G(Q) is a finite, solvable, group of order 13608 = 2 3 · 3 5 · 7 and derived length 5 and hence Q is non-aspherical.
(c) Let G = g | g 8 ∼ = Z 8 and let Q = G, x | x 2 g 2 x −1 g . As was essentially first observed in [7, We may also prove non-asphericity of Q by exhibiting an element of prohibited finite order. (2)) (a) Let G = g | g n where n ≥ 9 is odd and let Q = G, x | x 2 g 2 x −1 g −1 . As in Example 2.20 we have that G(Q) ∼ = F (2, n) ⋊ Z n where
is a Fibonacci group. Setting w = x 0 x 1 . . . x n−1 , we have that w 2 = 1 in F (2, n) (see [48, page 83] ), and by (the proof of) [7, Proposition 3.1] w is an element of order exactly two. Thus G(Q) contains an element of order 2 so by Theorem 2.4(c) we have that Q is non-aspherical.
(b) Let G = g | g 9 and let Q = G, x | x 2 g 2 x −1 g . Then we have that G(Q) ∼ = H(9, 3) ⋊ Z 9 where
is a Gilbert-Howie group which, by [19, Lemma 15] , is infinite. Setting 
is a Gilbert-Howie group which, by [35, Theorem 3.3] (due to Thomas), is infinite.
(Alternatively use GAP to show that the second derived subgroup of H is free abelian of rank 8). Setting w = x 0 x 3 x 6 x 2 x 5 x 1 x 4 , we have that [74, Figure 1 ] (see also [27, Figure 4 .1(h)]) can be used to show that w 2 = 1 in H. Moreover the group H/ w H is finite of order 128. Thus w has order exactly 2 in H so G(Q) contains an element of order 2 and hence Q is non-aspherical by Theorem 2.4(c).
In Cases (J 4 ), (J 6 ), Theorem A of [14] shows that the relative presentation Q is aspherical only when the natural homomorphism G → G(P) is an isomorphism. 
We now prove that (a) ⇒ (c). Given that Q is aspherical, it suffices to prove that G 0 = g . By Lemma 2.14, the relative presentation Q 0 = g , x | x l gx k g ǫ is aspherical and so by Theorem 2.4(c), it suffices to prove that G 0 = G(Q 0 ) is finite. We show that l+k = 0. Supposing otherwise, if l = −k, then Lemma 2.6(a) implies that l = 0 (and g = 1). We have x l gx −l g ǫ = 1 in G(Q) so g −ǫ ∈ g ∩ x l g x −l and Theorem 2.4(c) implies that x l ∈ g and so x l has finite order in G 0 , contradicting the fact that if l = −k, then the quotient group G 0 / g , which is generated by x, is infinite cyclic.
Now suppose that ǫ = 1, l + k = 0, and Q is aspherical. In this case, the element x l−k is central in G 0 ∼ = g, x | g n , x l gx k g by [58, Lemma 3.2.2.2] so asphericity of Q 0 implies that x l−k ∈ g by Theorem 2.4(c). Now l − k = 0 because otherwise the relator x l gx k g = (x l g) 2 is a proper power, which contradicts asphericity by Lemma 2.6(c). Thus the element x ∈ G 0 has finite order, so Theorem 2.4(c) implies that x is conjugate in G 0 to an element of g . Consider the central quotient
The fact that x is conjugate to an element of g implies that this amalgamated free product decomposition is degenerate, that is x = u = x l , and so it follows that (l, k) = 1. Thus ∆ ∼ = g, x | g n , x l−k , (xg) 2 is the ordinary triangle group. The five-term homology sequence for the central extension is
Since l + k = 0, the 2 × 2 relation matrix for G 0 ∼ = g, x | g n , x l gx k g has nonzero determinant and thus H 2 G 0 = 0. Since x has finite order in G 0 , this implies that H 2 ∆ is finite, which in turn implies that the triangle group ∆ is finite and so G 0 is finite, as required. It remains to consider the case where ǫ = −1, l + k = 0, and Q is aspherical. We claim that x has finite order in G 0 . To see this, arguing as in the proof of [15, Lemma 14] , the relations gx k g −1 = x −l and g n = 1 imply that x k n −(−l) n = 1, so x has finite order unless k n −(−l) n = 0. If k n −(−l) n = 0, then since k = −l, it follows that k = l = 0 (and n is even) and so we have gx l g −1 = x −l , whence g 2 commutes with x l and in particular g 2 ∈ g ∩ x l g x −l . We cannot have g 2 = 1, for otherwise our relator is a proper power x l gx l g −1 = (x l g) 2 , contrary to Lemma 2.6(c), so Theorem 2.4(c) implies that x l ∈ g and so x has finite order. Arguing as in the case ǫ = 1, the fact that x has finite order in G 0 implies that (l, k) = 1, and so [15, Lemma 14] shows that the group
The remaining cases from (2) 
), (L 6 ). These appear to be challenging cases and only partial information is known. We now survey the state of knowledge for the values of {l, k} considered in the studies listed at (1). In some articles non-diagrammatic reducibility was proven by explicitly constructing spheres though these, in themselves, do not prove non-asphericity. However if the corresponding group G(Q) can be shown to be finite of order greater than six (which can sometimes be proved using GAP) an application of Theorem 2.4(c) proves non-asphericity. Table 1 summarizes what is known for each case. When G(Q) is known to be finite of order greater than six the cell either contains an expression [M, N ], which means that G(Q) is the N 'th group of order M in the Small Groups library [8] , or it contains a number, which means that G(Q) is finite of that order, but does not have an entry in the Small Groups library. In these cases Q is non-aspherical by Theorem 2.4(c). The group of order 24530688 = 2 8 · 3 4 · 7 · 13 2 shows that Q is nonaspherical in the previously unresolved Case (E2) of [6] , and was studied in detail in [11, Lemma 9.7] . In the case (K 6 ) with l = 2, k = −1 the group G(Q) is the infinite virtual three-manifold group from Example 2.20(a), so Q is non-aspherical by Theorem 2.19. A question mark in a cell indicates that it remains unknown if the presentation Q is aspherical; these cases are either isolated as unresolved exceptional cases or are the subject of questions on their asphericity statuses in the references given in the final column. We note that aspherical presentations Q exist in the case (K 5 ), as we shall see in Theorem 4.21. 
),(L 6 ) in the studies (1).
Asphericity results
We now survey results from the articles listed at (1) concerning asphericity and diagrammatic reducibility for relative presentations Q = G, x | x l gx k h . In many cases we shall assume that none of (2) hold, those cases having been discussed in Sections 4.1 and 4.2. For example, the results discussed in those sections imply that if {l, k} = {2, 1} or {2, −1} and (2) holds, then Q is not aspherical. See Theorem 4.9 and Corollary 4.17 below. We first consider the cases where l = ±k. Proof If g = h then the relator x l gx k h is a proper power (x l g) 2 so Q is nonaspherical, by Lemma 2.6(c). Thus we may assume g = h. If |g −1 h| = ∞ then Q is diagrammatically reducible and orientable, hence aspherical. Thus we may assume that |g −1 h| < ∞. The relator x l gx l h implies that (x l g) 2 = (g −1 h) −1 so x l g has finite order in G(Q). If Q is aspherical then Theorem 2.4(c) implies that x l g is conjugate to an element of G, i.e. x l g = whw −1 for some h ∈ G and w ∈ G * x . Thus x l gwh −1 w −1 has exponent sum l in x and is equal to the identity of G(Q). But all words that are trivial in G(Q) are products of conjugates of elements of G or of the relator and so their exponent sum is a multiple of l + k = 2l, a contradiction. Proof If |g| = |h| = ∞ then Q is orientable and an easy application of the weight test shows that Q is diagrammatically reducible, hence aspherical. Conversely, if Q is aspherical, then 1 = h −1 = x −k gx k ∈ G ∩ x −k Gx k and 1 = g −1 = x k hx −k ∈ G∩x k Gx −k and so Theorem 2.4(c) implies that |g| = |h| = ∞ because the elements x ±k both lie outside the normal closure of G in G(Q) and so neither of the elements x ±k is conjugate in G(Q) to any element of G -see Theorem 2.4(c).
From now on we assume that l = ±k, in which case the relative presentation Q = G, x | x l gx k h is orientable with non-proper power relator. Thus if Q is diagrammatically reducible, then it is aspherical. If G is torsion-free then Q is diagrammatically reducible by [50, Lemma 2] . The difficulty in proving diagrammatic reducibility comes about when G has torsion. We shall use the preceding observation freely to deduce asphericity when a given result asserts diagrammatic reducibility. We start with the case {l, k} = {2, 1}. For the case {l, k} = {3, 1} we introduce the following conditions from [6] :
(BBP-E4) {|g|, |h|} = {2, 4} and gp{g, h} ∼ = Z 2 ⊕ Z 4 ;
(BBP-E5) {|g|, |h|} = {2, 5} and gp{g, h} ∼ = Z 2 ⊕ Z 5 . We now turn to the case {l, k} = {4, 1}. Note that Theorem 4.12 shows that Q is diagrammatically reducible and aspherical in the previously unresolved cases (BBP-E4),(BBP-E5) of Theorem 4.10.
We now consider cases {l, k} with l > 0, k > 0 that are not (necessarily) of the form {n, 1}. For the case {l, k} = {3, 2} we introduce the following condition, (which is extracted from the statement of [43, Theorem 1]). 3 3 There are typos in the statements of Lemma 9 and of parts (3) and (4) of Theorem 1 of [43] . The proof of [43, Lemma 9] employs coset enumeration to check that the groups defined by h, x | h k , x 3 h 2 x 2 h are finite for 2 ≤ k ≤ 5. As in [43, Question 2], the asphericity status of g , x | x 3 gx 2 g 2 is unresolved if 6 < |g| < ∞.
(HM-E) (g = h 2 , 6 < |h| < ∞) or (h = g 2 , 6 < |g| < ∞). To consider the general case l > 0, k > 0, l = k we introduce the following condition from [4] :
(AEJ-E) (i) g = h 2 , 6 < |h| < ∞, l < k < 2l; or
(ii) h = g 2 , 6 < |g| < ∞, k < l < 2k; or (iii) h = g 2 , 6 < |g| < ∞, l < k < 2l; or (iv) g = h 2 , 6 < |h| < ∞, k < l < 2k. We now turn to the cases l > 0, k = −1, where a less complete picture is known. We start with the case l = 2, k = −1. For this we need to introduce the following conditions:
(E-E1) (|g| = 9, |h| = 3, h = g 3 ) or (|h| = 9, |g| = 3, g = h 3 ); (E-E2) (|g| = 9, |h| = 3, h = g −3 ) or (|h| = 9, |g| = 3, g = h −3 ); (E-E3) (|g| = 8, |h| = 4, h = g 2 ) or (|h| = 8, |g| = 4, g = h 2 ). (vi) |g| = |h| = 9 and either g = h 2 or h = g 2 .
Note that the hypotheses of Theorem 4.19 imply that none of the cases given in (2) hold. The more general case l > 0, k < 0 was considered in [65] under stronger hypotheses on relations involving the elements g, h of G. The following theorem, as stated in [65] , includes the hypothesis that the natural homomorphism G → G(Q) is injective. That hypothesis is redundant however, as (under the remaining hypotheses) injectivity follows from [25] . (i) |g| ≥ 6, |h| ≥ 3, h = g ±2 , h = g −3 , g = h −2 ; or (ii) |g| ≥ 3, |h| ≥ 6, g = h ±2 , g = h −3 , h = g −2 ; or (iii) |g| ≥ 4, |h| ≥ 4, g = h −2 , h = g −2 .
Then Q is aspherical.
We close with the following asphericity result, which was used to complete the classification of the finite Fibonacci groups F (r, n). Its proof highlights the intricacy of the arguments that can be required when proving asphericity of presentations Q when (3) holds. 
